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Abstract
We present simple deterministic recovery algorithms for the Hayden-Preskill thought experiment
when its unitary dynamics is given by a Clifford operator. The algorithms utilize generalized Bell
measurements and apply feedback operations based on the measurement result. The recovery fidelity
and the necessary feedback operation can be found by analyzing the operator growth. These algo-
rithms can also serve as a decoding strategy for entanglement-assisted quantum error-correcting codes
(EAQECCs). We also present a version of recovery algorithms with local Pauli basis measurements,
which can be viewed as a many-body generalization of quantum teleportation with fault-tolerance.
A certain relation between out-of-time order correlation functions and discrete Wigner functions is
also discussed, which may be of independent interest.
1 Introduction
The Hayden-Preskill thought experiment addresses a fundamental question concerning whether quantum
information can leak out from an old black hole [1, 2]. Recent progresses concerning the Hayden-Preskill
thought experiment have led to a number of interesting results in various branches of theoretical physics.
In studies of quantum gravity, it has provided useful insights on the black hole information loss puzzle [3–
6], the entanglement structure of the black hole interior [7–12] and the quantum error-correcting nature
of holography [13–17], and has led to solvable and tractable toy models of the AdS/CFT correspon-
dence [18–20]. In studies of condensed matter physics, the notion of quantum information scrambling has
also improved our understanding of dynamical nature of quantum entanglement in many-body quan-
tum systems [21–29]. These developments have further stimulated researches on pseudo-randomness
and quantum error-correcting codes in quantum information theory [30–38].
In this paper, we study the Hayden-Preskill recovery problem when the dynamics is given by a Clif-
ford unitary operator. The underlying motivations for analyzing the Clifford Hayden-Preskill recovery
problem are three-fold. First, the Clifford dynamics often serves as analytically and computationally
tractable toy models of quantum many-body dynamics. Finding an explicit recovery algorithm for the
Clifford Hayden-Preskill problem will provide further useful insights onto scrambling and thermalization
of quantum many-body systems. Second, while a random Clifford dynamics leads to the Hayden-Preskill
recovery phenomena, it does not satisfy the definition of quantum information scrambling as diagnosed
























may admit specialized recovery algorithms which can be performed in an efficient manner. Third, the
Hayden-Preskill recovery problem can be viewed as the stabilizer-based entanglement-assisted quantum
error-correcting codes (often abbreviated as EAQECCs) [39, 40]. Then, solving the Clifford Hayden-
Preskill recovery problem will provide an efficient decoding method for stabilizer-based EAQECCs.
In this paper, we will present simple and efficient deterministic recovery algorithms for Clifford
unitary operators. The recovery algorithm runs with some modification to the one from [41] by applying
an appropriate feedback Pauli operators on the output qubits, but without the need of implementing
the Grover search algorithm. The feedback Pauli operators can be found by computing the operator
growth, which can be performed efficiently on a classical computer. Note that it is well known that a
stabilizer code under the erasure channel can be decoded efficiently by using the standard Gottesman-
Knill treatment with Gaussian elimination. Our recovery strategy is much simpler and concrete than
these generic algorithms.
We also find explicit expressions of logical operators by studying how a local Pauli operator time-
evolves backwards to the past. In order to obtain this result, we employ a certain relation between
discrete Wigner functions and out-of-time order correlation functions. This relation may be of indepen-
dent interest from resource theoretic viewpoints.
Finally we provide a version of the recovery algorithms based on local Pauli measurements, instead
of measurements with entangled basis states. In this algorithm, the sender and receiver perform local
measurements on their shares of qubits, and only the classical communication is transmitted from the
sender to the receiver. This recovery algorithm can be viewed as a novel many-body generalization of
quantum teleportation which utilizes quantum error-correcting codes 1. Fault-tolerance of the scheme
may be desirable in performing quantum teleportation in a noisy environment.
This paper is organized as follows. In section 2, we present a brief review of the Hayden-Preskill
problem. In section 3, we derive a necessary and sufficient condition for the recoverability in the
Clifford Hayden-Preskill problem. In section 4, we present a recovery algorithm with generalized Bell
measurement. In section 5, we construct logical operators. In section 6, we present a version of a
recovery algorithm with local Pauli measurement. In section 7, we conclude with discussions.
2 Review of Hayden-Preskill problem
In this section, we present a brief review of the Hayden-Preskill problem [1]. While the problem origi-
nally stems from consideration of black hole physics, it can be formulated in the quantum information
theoretic language. Throughout the paper, for simplicity of discussion, we will assume that the system
consists of qubits (two-state spins) since generalizations to systems with qudits (multi-state spins) are
straightforward.
1Protocols from [42–45] also achieve many-body versions of quantum teleportation, but the decoding strategies are
different.
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2.1 Statement of Hayden-Preskill recovery problem
Assume that an unknown input quantum state |ψ〉A is prepared on a Hilbert space A which consists of
nA qubits. In addition, nB copies of EPR pairs are prepared on the Hilbert space B and B. Explicitly,






|j〉B ⊗ |j〉B dB = 2
nB (1)
where each of B,B consists of nB qubits. Hence, our initial state is given by
2
|ψ〉A ⊗ |EPR〉BB. (2)
The system then undergoes the time evolution by a unitary operator U which acts non-trivially only






where the time evolution acts trivially on B. We think of spliting the Hilbert space H = HA⊗HB into
two subsystems CD:
H = HA ⊗HB = HC ⊗HD. (4)
Here A,B,C,D consist of nA, nB, nC , nD qubits with n = nA+nB = nC+nD, and HA⊗HB = HC⊗HD
represent the same Hilbert space with different partitionings into A,B and C,D respectively. In these
partitionings, the unitary time evolution operator acts as follows:
U : HA ⊗HB → HC ⊗HD (5)
The outcome of the time evolution can be graphically shown as follows:
. (6)
Here we employed a tensor diagram to represent the wavefunction graphically where the time evolves
upward. A horizontal line on B and B represents the EPR pairs and a black dot in the diagram
represents a factor of 1/
√
dB for proper normalization.
The Hayden-Preskill recovery problem asks whether one can reconstruct the input state |ψ〉A by
2In general, the entangled state on BB can be thermofield double states as well.
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having an access to D and B only. The above time-evolution can be interpreted as an encoding of a
quantum error-correcting code with an isometry Γ:




Γ : HA → HC ⊗HD ⊗HB. (7)
The Hayden-Preskill recovery problem is then identical to the decoding problem of a quantum error-
correcting code that undergoes an erasure channel which removes qubits on C. The total (noisy)
quantum channel N can be defined as




N : HA → HD ⊗HB, (8)
and our task is to understand whether a recovery channel R with R(N (σA)) ≈ σA exists or not, and
to construct an explicit recovery channel R if exists 3.
2.2 Previous works
In the context of black hole physics, the initial state |ψ〉A is interpreted as an object which falls into
a black hole. In the Hayden-Preskill thought experiment, instead of a newly formed black hole, an
old black hole, which has already emitted more than half of its content via the Hawking radiation, is
considered. An old black hole B is assumed to be maximally entangled with the early radiation B, so it
is typically modelled as multiple copies of EPR pairs |EPR〉BB 4. The black hole dynamics U mixes the
input state A and the old black hole B. Later, the Hawking radiation D is emitted from the black hole
while C corresponds to the remaining black hole. The Hayden-Preskill recovery problem asks whether
the initial state |ψ〉A can be reconstructed by accessing the early and late Hawking radiations B and D
while the remaining black hole C is still inaccessible.
Hayden and Preskill considered the cases where the time-evolution U is a Haar random unitary
operator and observed that the initial state |ψ〉A can be reconstructed with high fidelity provided
nD ≥ nA. Hence, even if all the qubits, except those on D, are lost, encoded information can still
be recovered. An immediate, yet surprising, consequence is that the subsystem D can be chosen in
an arbitrary manner as long as nD ≥ nA. This suggests that Haar random unitary operators provide
remarkable coding properties as EAQECCs as we discuss later.
While the original work by Hayden and Preskill was restricted to Haar random unitary operators (or
unitary operators drawn from an ensemble forming an approximate unitary 2-design), subsequent works
showed that a much larger class of unitary dynamics U achieves similar coding properties. Namely, the
3In a regime where the Hayden-Preskill recovery is possible, the Petz recovery map can be employed as a recovery map
since the relative entropy difference is small. In [46], it was pointed out that the Petz map can be reduced to a simpler
recovery algorithm from [41] due to the decoupling phenomena.
4Here the number of qubits nB corresponds to the Bekenstein-Hawking entropy of the black hole. Obviously, the actual
old black hole will not look like nB copies of EPR pairs. Here we think of distilling nB qubits which are maximally
entangled with the early radiation B and model the distilled quantum state as EPR pairs. In this sense, nB should be
thought of as the coarse-grained entropy of the black hole.
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author and collaborators rigorously proved that, if the unitary dynamics U is scrambling, then the
Hayden-Preskill recovery is possible [22]. Here the notion of scrambling is defined with respect to
the decay of OTOC functions of the form 〈OA(0)OD(t)OA(0)OD(t)〉, see [41] for details. Since the
dynamics of quantum black holes is scrambling in a sense of the OTOC decay, this result provides a
formal information theoretic proof that a quantum information indeed escapes from an old black hole.
Another important question concerns constructions of the recovery channel R in the Hayden-Preskill
problem. An explicit probabilistic recovery algorithm, which works universally for scrambling systems,






, one can convert this probabilistic algorithm to a deterministic one by the use of the Grover
search algorithm while the quantum circuit complexity increases by a factor of O(dA). Hence, this
generic algorithm does not work efficiently when the input Hilbert space size A scales with the system
size n. Other recovery algorithms, which work for more specialized systems (such as the SYK model in
the early time/low temperature regime before the scrambling time), have been also proposed [42–45].
These algorithms work deterministically without the use of the Grover search routine, and are inspired
by the traversable wormhole geometries in the two-sided AdS black hole. It is worth noting that, in
these traversable wormhole protocols, D needs to be much larger than A and often scales with the
system size n.
The Hayden-Preskill recovery problem can be understood as an example of entanglement-assisted
quantum error-correcting codes (EAQECCs) [39, 47]. In EAQECCs, a sender and a receiver share
quantum entanglement a priori where qubits on a receiver’s end are assumed to be free from errors. The
encoded information tends to be robust against various strong forms of errors acting on the qubits on a
sender’s end, and achieves various advantages over conventional quantum error-correcting codes. In the
Hayden-Preskill problem, the initial EPR pairs on BB can be identified as the pre-shared entanglement
where B corresponds to the receiver’s share. The erasure error acts on qubits on C on the sender’s end
while we send qubits on D to the receiver. Note that the framework of EAQECCs does not require the
entanglement resource BB to be maximally entangled. As such, the Hayden-Preskill recovery problem
should be understood as a subclass of EAQECCs.
2.3 Decoupling
To discuss the recoverability of the initial state, it is convenient to purify the input state by appending
the reference system R with |EPR〉RA. Namely, we will consider the following quantum state:
|Ψ〉RCDB = (IR ⊗ UAB ⊗ IB)|EPR〉RA ⊗ |EPR〉BB = . (9)
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Note that projecting R onto |ψ∗〉R prepares |ψ〉A on A, and reduces the system to the situation originally
considered in the previous subsections.
Recall that the mutual information for a pure quantum state obeys the following relation:
I(R,C) + I(R,DB) = 2SR = 2 log dR. (10)
A perfect recovery is possible if and only if R is maximally entangled with DB 5. In this case, due to
Eq. (10), we have I(R,C) = 0, so the reference R will be decoupled from C:







where ρRC is defined with respect to the purified state in Eq. (9). Hence, we have the following criteria.
Lemma 1. A perfect recovery in the Hayden-Preskill recovery problem is possible if and only if
SRC = nA + nC . (12)
A Clifford operator is a unitary operator U which satisfies the following property:
UPU † ∈ Pauli where P ∈ Pauli. (13)
In other words, it transforms Pauli operators into Pauli operators up to a phase factor. When the
dynamics of the Hayden-Preskill problem is given by a Clifford operator, the resulting quantum code,
associated with the isometry Γ, is a stabilizer code. Stabilizer generators of the code can be found by
noticing that the following Pauli operators stabilize |EPR〉BB:
XBi ⊗XBi , ZBi ⊗ ZBi i = 1, · · · , nB. (14)
Hence, stabilizer generators are given by
U(XBi ⊗XBi)U
†, U(ZBi ⊗ ZBi)U
†. (15)
We will be particularly interested in finding expressions of logical operators. One possible expression
of a logical operator can be found by time-evolving Pauli operators supported on A by U :
P̃A = UPAU
†. (16)
By construction, this expression of a logical operator PA is supported on CD. Recall however that
expressions of a logical operator are not unique, and are equivalent up to applications of stabilizer
5Here, by perfect recovery, we mean that there must exist a perfect recovery channel R which works for an arbitrary
input state |ψ〉A.
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operators. In the framework of stabilizer codes, the duality relation in Eq. (10) can be understood as
the so-called cleaning lemma [48–50], see [51] also. Namely, when R and C are decoupled, no logical
operator can be supported on C. This in turn implies that all the logical operators can be supported
on DB (in other words, supports on C can be always “cleaned” so that logical operators are supported
exclusively on DB). In section 5, we will present explicit constructions of logical operators supported
on DB.
3 Recoverability for Clifford dynamics
In this section, we derive the necessary and sufficient condition for perfect recovery for the Clifford
Hayden-Preskill problem by looking at how local Pauli operators PA on A time-evolves and overlap
with D. Namely, we prove that perfect decoupling ρRC = ρR ⊗ ρC occurs if and only if each of PA
evolves into PA(t) with unique Pauli operator profile on D.
3.1 Forward time-evolution map
Recall that there are d2A different Pauli operators on A. For each Pauli operator PA, let us consider
its time-evolution PA(t) = UPAU
†. Since U is a Clifford unitary operator, PA(t) will be also a Pauli
operator. Hence, we may write it as follows:
PA(t) ' ΛC(PA)⊗ ΛD(PA) PA ∈ PauliA (17)
where ΛC(PA) and ΛD(PA) are Pauli operators supported on C,D respectively. Here we used “'” to
denote an equality up to a U(1) phase factor. One can interpret the resulting Pauli operator ΛD(PA)
on D as an output from a map from Pauli operators on A to those on D:
ΛD : PauliA → PauliD. (18)
We will call ΛD a forward time-evolution map.
Let us examine some basic properties of the forward time-evolution map ΛD. One can easily verify
the following statement.
Lemma 2. The forward time-evolution map ΛD is linear. Namely, we have
ΛD(PAP
′
A) ' ΛD(PA)ΛD(P ′A). (19)







Next, let us study the recoverability. Recall that, if perfect decoupling occurs, then we will have
ρRC = ρR ⊗ ρC . Hence, by computing the entanglement entropy of ρRC , one can assess the decoupling
property (lemma 1). Here, it is convenient to compute the Rényi-2 entropy, by recalling that, for a











where black dots represent factors of 1√
ddim
for normalizations. Here we inserted the summation over





PA ⊗ P †A = SWAPAA. (21)
We see that a non-trivial contribution to Tr(ρ2RC) comes from a Pauli operator PA such that
ΛD(PA) = ID. Hence we arrive at the following lemma:











where NID is defined by
NID ≡ number of PA ∈ PauliA such that “ΛD(PA) ' ID”. (23)
So, perfect decoupling (and perfect recovery) can be achieved if and only if NID = 1. Finally, one
can show that
NID = 1 ⇔ ΛD is a one-to-one map (24)
by using lemma 2. Namely, note NID > 1 implies that ΛD is not one-to-one. Also, if ΛD is not one-
to-one, then we have different Pauli operators PA and P
′
A such that ΛD(PA) ' ΛD(P ′A), which suggests
ΛD(PAP
′†
A ) ' ID and NID > 1. This proves the statement in Eq. (24).
The central result of this section is summarized below.
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Theorem 1. The Hayden-Preskill recovery problem with a Clifford dynamics admits a perfect recovery
if and only if ΛD is a one-to-one map.
Let us discuss some physical intuition of this result. If a perfect decoupling occurs, then, by looking
at Pauli operators ΛD(PA) supported on D, one can deduce the original Pauli operator PA on A.
As such, the recoverability of quantum information is equivalent to recoverability of the original local
operators on A from the time-evolved operators accessed from D. Here it is worth recalling that a
classical version of the Hayden-Preskill thought experiment can be understood in a similar manner.
Namely, recovery is possible when each binary input on A generates unique binary output on D [1].
Finally, let us recall that, if U is a random Clifford unitary, a perfect decoupling, ρRC = ρR ⊗ ρC ,




). This is due to the fact that the map ΛD is likely to generate
non-overlapping Pauli operators ΛD(PA) when dD  dA.
4 Simple recovery for Clifford dynamics
In this section, we will present a recovery algorithm for the Clifford Hayden-Preskill problem. The
basic strategy is to perform generalized Bell measurement and apply appropriate feedback operations
based on measurement results. Here, we compute the measurement probability and present a method of
constructing feedback operations by looking at the operator growth, namely the forward time-evolution
map ΛD(PA).
4.1 Measurement probability
Recall that projecting DD onto |EPR〉DD will achieve a probabilistic recovery [41]. To promote this
strategy to a deterministic one, we will perform generalized Bell measurements with the following basis
states:
|QD〉 ≡ (QD ⊗ ID)|EPR〉DD QD : Pauli operator on D. (25)
Note that there are d2D different Pauli operators and |QD〉 form a complete set of mutually orthogonal
states on DD. The idea is to perform appropriate feedback operation based on the outcome of the
generalized Bell measurement.
9











where we again inserted the summation over Pauli operators on A.
We see that non-trivial contribution to Prob(|QD〉) comes only when PA(t) has QD on D. Hence,
we arrive at the following lemma.





where NQD is defined by
NQD ≡ number of PA such that “ΛD(PA) = QD”. (27)




. Hence, a projection onto |EPR〉DD will achieve a perfect recovery (which would happen
when NI = 1) only with probability 1d2A as pointed out in [41].
4.2 Feedback operation
Next, let us construct the appropriate feedback operation. Suppose that a perfect decoupling occurred.
There are d2A possible different measurement outcomes, |ΛD(PA)〉, and each will be measured with
probability 1
d2A
. It turns out that, when |ΛD(PA)〉 is measured, all we need to do is to apply a feedback
Pauli operator PA on R. That is, depending on the measurement outcome |ΛD(PA)〉, we simply need
to find PA by looking at the inverse of the map ΛD.
To see why this feedback works, note that applying PA on R is equivalent to applying P
T
A (t) on DC.







The actions of Q†D and Q
T
D get cancelled when acting on |EPR〉DD. Hence the total operation is
equivalent to projecting DD onto |EPR〉DD and apply QTC
(PA) on C:
. (28)
As such, we achieve a perfect reconstruction fidelity without postselection.
The algorithm is graphically shown below:
feedback
(29)
and is summarized as follows:






2. Perform a Bell measurement with the basis states |QD〉 on DD.
3. If |Q(PA)D 〉 is measured, then apply PA on R. The initial state will be reconstructed on R.
4.3 Imperfect decoupling
Finally, let us look at the cases with imperfect decoupling. Namely, we explicitly compute the output
state on RR. Since the output on RR does not depend on the measurement result once an appropriate
feedback is applied, it suffices to study the case where |EPR〉DD was measured. Since the probability
of measuring |EPR〉DD is
NID
d2A






Let us expand ρRR by using the following orthonormal complete basis states on RR:
|PR〉 ≡ (PR ⊗ IR)|EPR〉RR PR ∈ PauliR. (31)
We then have
〈P ′R|ρRR|PR〉 = . (32)
The nonzero contribution comes only when PR = P
′
R and ΛD(PR) = ID. So, we arrive at the following
result.








One can check that, for the perfect decoupling case NID = 1, we recover ρRR = |EPR〉〈EPR|RR.
5 Logical operators
In this section, we will construct expressions of logical operators supported on DB.
5.1 Backward time-evolution map
When a perfect decoupling occurs, there must exist expressions of (all the) logical operators supported
on DB. In order to construct logical operators, it is convenient to analyze a backward time-evolution.
Given a Pauli operator QD on D, let us consider QD(−t) = U †QDU , which can be written as follows:
QD(−t) ' ΩA(QD)⊗ ΩB(QD) QD ∈ PauliD (34)
where ΩA(QD) and ΩB(QD) are Pauli operators supported on A,B respectively. One can interpret the
resulting Pauli operator ΩA(QD) on A as an output from a map from Pauli operators on D to those on
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A:
ΩA : PauliD → PauliA. (35)
We will call ΩD a backward time-evolution map. One can see that a similar statement as lemma 2 holds
for ΩA as well.
As summarized in the following lemma, logical operators can be constructed from QD(−t).












To prove this lemma, observe that applying QD on D has the same effect as applying QD(−t) on







which has the same effect as applying eiθΩA(QD) = e
iθPA on the input state.
5.2 Existence of QD
An expression of a logical operator P̃A can be obtained if one can find QD such that ΩA(QD) = PA.
The remaining task is to prove that, for a given PA, there exists QD such that ΩA(QD) = PA.
Lemma 7. In the Clifford Hayden-Preskill problem with perfect decoupling, for a given Pauli operator
PA ∈ PauliA, there always exists QD ∈ PauliD such that
ΩA(QD) = PA. (39)

























For a Clifford dynamics U , we always have |αPA,QD | = 1.
Given the values of αPA,QD for a fixed unknown PA, one can deduce PA(t). To see this, let us
introduce the following matrix:
FP,Q ≡ 〈PQP †Q†〉 (42)
where P,Q are Pauli operators. In the appendix, we prove that this matrix is invertible.











〈PQP †Q†〉〈QRQ†R†〉 = δP,R. (44)
The matrix FP,Q plays a role similar to the Fourier transformation for Pauli operators. By utilizing











FRA,PAαPA,QD = δΩA(QD),RA . (46)
Finally, let us prove lemma 7. Suppose that there exists RA ∈ PauliA such that δΩA(QD),RA = 0 for
all QD ∈ PauliD. Then we have∑
PA∈PauliA
FRA,PAαPA,QD = 0 for all QD ∈ PauliD. (47)
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FRA,PAδΛD(PA),SD = 0 for all SD ∈ PauliD. (49)
For a perfect decoupling case, for a given SD, there must exists one and only one P
′
A such that ΛD(P
′
A) =
SD. So we have
FRA,P ′A = 0. (50)
However, this contradicts with the fact that |FRA,P ′A | = 1. This completes the proof.
Finally, it is worth noting that a Pauli operator QD such that ΩA(QD) = PA can be found by solving
Eq. (46), which can be performed efficiently on a classical computer.
6 Measuring local basis
In the previous section, we showed that a deterministic recovery is possible for a Clifford dynamics by
performing generalized Bell measurements with entangled basis states. In this section, we show that the
generalized Bell measurement can be replaced with local (spatially separated) Pauli measurements on
D and D as long as dD ≥ d2A (instead of dD ≥ dA). We will also briefly discuss its potential application
as a possible form of quantum many-body teleportations.
6.1 Recovery algorithm
The basic strategy is to measure D and D separately with Pauli basis states and apply some appropriate
feedback based on the measurement results. Let us clarify our setup and introduce some notations.
Without loss of generality, we may assume that both D and D are measured in Pauli Z-basis states.
Also, let us assume that D,D have nD qubits respectively and label them by Dj , Dj with j = 1, · · · , nD.
We denote the measurement results forDj , Dj bymj ,mj = 0, 1 respectively, corresponding to Z = 1,−1.
Here we use m,m to denote mj ,mj collectively. It will be convenient to introduce the sum of the
measurement outcomes:
sj ≡ mj +mj s ≡m + m (mod 2). (51)





D . Here we are particularly interested in whether Q
(PA)
D commutes with Pauli Z operators
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on D or not. Namely, one can assign a binary string s(PA) such that
s
(PA)











In other words, we assign s
(PA)
j = 0 (s
(PA)
j = 1) when Q
(PA)
D commutes (anti-commutes) with Zj . From
these commutation relations, one can construct the following linear map ΛZ :
ΛZ(PA) ≡ s(PA). (53)






A) (mod 2). (54)

























= Xj , Yj for mj 6= mj (sj = 1)
(56)
since Ij , Zj acts trivially (up to a phase) on |m〉 and |m〉. Hence, we see that





where Ns is defined by
Ns ≡ number of PA such that “ΛZ(PA) = s”. (58)
Having computed the measurement probabilities, let us compute the recovery fidelity. Recall that, for
a generic scrambling unitary, one can achieve a nearly perfect recovery by post-selecting the measurement
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results to be m = m (s = 0). Let us verify a similar statement for a Clifford dynamics. When m and














Hence, by post-selecting the measurement result to be m = m, a perfect recovery is possible as long as
N0 = 1. In other words, the map ΛZ must be one-to-one. It is worth noting that, when U is a random
Clifford with d2D ≥ dA, one can show that the binary strings s(PA) are all different with high probability.
Hence, a perfect recovery is almost surely possible.
If the measurement result is m 6= m, one needs to apply a certain feedback Pauli operator PA. Here
PA should be chosen so that Q
(PA)
Dj
= X,Y at Dj with mj 6= mj . The existence of such PA is guaranteed
from the fact that the measurement of m,m occurred. Applying PA has an effect of effectively restoring







These results can be proven with minor modifications to proofs in section 4. Also, it can be shown that
to construct relevant logical operators, one needs to consider backward evolution of Pauli-Z operators
on D.




and is summarized as follows:






construct a binary string s(PA) which records the commutation with Pauli-Z operators.
2. Perform Z-basis measurements on D and D and compute the sum s = m + m.
3. If s = s(PA), then apply PA on R. The initial state will be reconstructed on R.
A physical interpretation of the linear map ΛZ is as follows. When generalized Bell measurements
in entangled basis states are performed, one is able to measure the Pauli operator Λ(PA) = Q
(PA)
D
supported on D. When local Pauli Z-basis measurements are performed, one may only measure whether
QD commutes or anti-commutes with Pauli-Z operator, and hence one obtains less information.
It is worth noting that this recovery algorithm with local Pauli measurement is useful in studying
entanglement structure in random Clifford circuits with local measurements (the so-called monitored
circuit) as we shall discuss elsewhere.
6.2 Many-body quantum teleportation
The aforementioned recovery algorithm for the Clifford Hayden-Preskill problem with local Pauli basis
states provides a novel many-body generalization of quantum teleportation with fault-tolerance. In this
protocol, the sender and the receiver performs Pauli measurements on qubits in their own laboratories,
and only the classical message of the sender’s measurement results need to be communicated to the
receiver. Here we briefly discuss its potential advantage over conventional quantum teleportation.
First, the protocol is robust against possible attempts to eavesdrop the quantum state |ψA〉. Namely,
in order to steal |ψ〉A, the eavesdropper needs to access a large portion of qubits from the sender’s
end. When the dynamics U is a random Clifford operator, the number of such qubits nE should be
nE ' n−nA. As such, the Clifford Hayden-Preskill setup may provide a secure quantum communication
channel.
Second, the protocol can detect errors during its implementation. Let us take D to be sufficiently
larger than A, namely nD  2nA. If there is no error, then the measurement sum s should coincide
with s(PA) for some Pauli operator PA. If this is not the case, then one can deduce that some error has
occurred while implementing the protocol. As such, this protocol comes with error detection capability.
In fact, we expect that it is possible to not only detect errors but also collect errors by looking at the
values of the measurement sum s. We leave these aspects as future problems.
7 Outlook
Our analysis suggests that measurements with local basis states reveal limited information about the
operator growth, namely only about whether the time-evolved operators commute or anti-commute with
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measured Pauli operators. It is natural to expect that the mutual information I(R,BD) is no longer
a good criteria when our measurement abilities are restricted. One possible candidate quantity is an
algebraic generalization of the mutual information which is based on the relative entropy [52] where the
algebra may be chosen according to our measurement abilities. It is worth noting that in the appendix
of [53], it has been observed that OTOC functions can be associated with Rényi-2 generalization of the
relative entropy [54–56], which may be useful in further generalizing the Hayden-Preskill problem to an
algebraic setups.
In the appendix, it was observed that there is an interesting relation between out-of-time order
correlation functions and discrete Wigner functions. There have been a number of interesting works
concerning (non-)Cliffordness through resource theoretic arguments, see [57–60] for instance. Hence, it
will be interesting to study quantum information scrambling from the viewpoint of resource theory. For
this purpose, it will be useful to note that the absolute value of out-of-time order correlation functions,
with respect to Pauli operators, remain to be unity when the dynamics is given by Clifford, whereas it
decays to small values for non-Clifford dynamics.
A version of the Hayden-Preskill problem for continuous variable systems for Gaussian dynamics
has been studied in [61], which will be interesting to further study in the context of EAQCCEs. We
expect that the decoding algorithms in this note can be applied to continuous variable systems as well.
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A Discrete Wigner function
In this appendix, we prove that FPR = 〈PRP †R†〉 is invertible by using some well-known property of
discrete Wigner functions. Consider a d-dimensional Hilbert space H = Cd. Let us denote generalized
Pauli operators on H by Tu with u = 1, · · · , d2. We will prove the following lemma:





〈QPQ†P †〉〈RQR†Q†〉 = δP,R. (63)
To prove this statement, let us consider the following quantum state, which we call the commutator






〈TuQT †uQ†〉|Q〉 Tu ∈ Pauli (64)
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where |Q〉 is the Choi state for Pauli operator Q:
|Q〉 ≡ (Q⊗ I)|EPR〉. (65)
So, the commutator wavefunction |ψu〉 records the commutator 〈TuQT †uQ†〉 as the coefficient of |Q〉.
One can easily verify that |ψu〉 is properly normalized.
The LHS of the equation in lemma 9 can be obtained by considering an inner product between the






〈QTvQ†T †v 〉〈TuQT †uQ†〉. (66)
So, our goal is to show that the commutator wavefunctions are orthonormal; 〈ψv|ψu〉 = δv,u.









u Tu ∈ Pauli (67)
Then we have the following lemma [57]:
Lemma 10. The Wigner operators are orthonormal, namely
〈Wu|Wv〉 = δu,v (68)
where |Wv〉 is the Choi representation of Wv.
The final step is to notice that the aforementioned commutator wavefunction |ψu〉 is in fact identical







This follows from the fact that TuQT
†
uQ† is proportional to the identity operator. Hence, we arrive at
the following lemma.






〈TuQT †uQ†〉|Q〉 = |Wu〉. (70)
Finally, with the help of lemma 10 and lemma 11, lemma 9 can be proven by noting
〈ψu|ψv〉 = 〈Wu|Wv〉 = δu,v. (71)
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We have seen that the commutator wavefunction |ψu〉, which records the values of commutators
〈TuQT †uQ†〉 is identical to the Choi representation of the Wigner function Wu. We expect that, with
the help of this identification, various resource theoretic results on (non-)Cliffordness (such as [57]) can
be translated into the language of OTOC functions. We leave this as a future problem.
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